We determine the isomorphism classes of symmetric symplectic manifolds of dimension at least 4 which are connected, simply-connected and have a curvature tensor which has only one non-vanishing irreducible component -the Ricci tensor.
Introduction
On any symplectic manifold (M, ω) the space of symplectic connections (linear connections ∇ with vanishing torsion and such that ∇ω = 0) is infinite dimensional. In order to select a smaller family of symplectic connections, a variational principle was introduced in [2] . This principle has Euler-Lagrange equations (∇ X r)(Y, Z) + (∇ Y r)(Z, X) + (∇ Z r)(X, Y ) = 0 (1) for all vector fields X, Y, Z; r denotes the Ricci tensor of ∇ r(X, Y ) = Tr(Z → R(X, Z)Y ).
In [2] the case where dim M = 2 was examined in complete detail so we shall assume throughout that the dimension is at least 4.
It was observed in [3] that the field equations (1) are identically satisfied if one assumes that the irreducible component of the curvature, denoted there by W (see also [5] ), vanishes
The tensor W is the symplectic analogue of the Weyl or conformal curvature of a Riemannian connection. The vanishing of W (equation (2)) is equivalent to the requirement that the curvature tensor R of ∇ is expressed in terms of its Ricci tensor by 
where dim M = 2n, n ≥ 2, where X, Y, Z are vector fields and where A is the Ricci tensor viewed as an endomorphism of the tangent bundle using ω:
r(X, Y ) = ω(X, AY ).
The Ricci tensor is symmetric so A is an infinitesimal symplectic endomorphism of each tangent space.
Equations (2) 
If u = 0, then ∇r = 0 and since R is expressed in terms of r (3), ∇ is locally symmetric.
The condition W = 0 also appears as the integrability condition for the almost complex structure naturally defined from a symplectic connection on (M, ω) on the manifold J (M ) of almost complex stuctures on M which are compatible with ω.
In this note we prove, amongst other things, the following two results.
be symplectic manifolds of dimension greater than zero and
Theorem 2 Let (M, ω, s) be a connected, simply-connected, symmetric symplectic space of dimension 2n(≥ 4); let ∇ be its canonical invariant symplectic connection and let r be its Ricci tensor; let A be the corresponding endomorphism ω(X, AY ) = r(X, Y ).
for some real number λ.
If λ = 0, the transvection group G of (M, ω, s) is semisimple and, up to coverings,
If λ = 0 and Rank(A) > 1, the transvection group G of (M, ω, s) is neither solvable nor semisimple. The radical of G is 2-step unipotent if Rank(A) < n and abelian in Rank(A) = n. If λ = 0 and Rank(A) = 1, the transvection group G of (M, ω, s) is solvable.
2 Proof of Theorem 1
and suffices indicate components tangent to M 1 and M 2 , respectively.
On the other hand, the relation between W , W 1 and W 2 involves cross terms C(X, Y )Z:
These can be read off equation (3) . Then W = 0 implies W 1 = 0, W 2 = 0 and C = 0. We
so A 2 = 0 and interchanging 1 and 2 we see also A 1 = 0. Thus r 1 = 0 and r 2 = 0, and hence R 1 = 0 and R 2 = 0.
3 Some facts about symmetric symplectic spaces
Affine symmetric spaces are studied in Loos [4] , symplectic symmetric spaces are studied in Bieliavsky [1] . 
(i) for each x in M , s x is an involutive symplectic diffeomorphism of (M, ω) (called the symmetry at x) and x is an isolated fixed point of s x , (ii) s x s y s x = s sx(y) for all x, y in M .
The transvection group G of (M, ω, s) is the group generated by products of an even number of symmetries.
We recall below some general facts about symmetric spaces ([4] , [1] ).
(1) (M, ω, s) has a unique connection ∇ such that ∇ω = 0 and such that each symmetry s x is an affine transformation of (M, ∇). Observe that
, the connection is given by
for x ∈ M , where X, Y, Z are vector fields on M and (s x · Y ) y = s x * Y sx(y) . This connection ∇ has no torsion and is thus a symplectic connection. The symmetry s x coincides with the geodesic symmetry around x, since an affinity is determined by its 1-jet at a point.
(2) The automorphism group Aut = Aut(M, ω, s) of (M, ω, s) is the set of symplectic
It is the intersection of the affine group of (M, ∇) and the symplectic diffeomorphism group of (M, ω). It is thus a Lie group containing the transvection group so acts transitively on M (since any two points in M can be joined by a broken geodesic).
Choose a base point o in M . Denote by σ the conjugation by the symmetry s o , it is an involutive automorphism of Aut.
Let K ′ denote the stabilizer of o in Aut and let A σ (respectively A σ o ) denote the group of fixed points of σ in Aut (respectively its connected component). Then
is the Lie algebra of Aut (respectively K ′ ) and if σ = σ ⋆Id , then k ′ is the subalgebra of a of fixed points of σ. Observe that s Exp t 2 X s o , X ∈ T o M , is an affinity in G which realises the parallel transport along Exp tX, since s Exp uX * for any u ∈ R maps a vector field which is parallel along the geodesic Exp tX to another such parallel vector field. Hence s Exp
It follows that the transvection group G, which is stable by σ, is the connected Lie subgroup of Aut(M, ω, s) whose Lie algebra is
Indeed, if G 1 denotes that subgroup, clearly by the above G 1 ⊂ G and the parallel transport along a geodesic Exp tX is in G 1 , but then any x ∈ M can be written as
Let K denote the stabilizer of o in G. Its Lie algebra is k and k = {X ∈ g | σ(X) = X}.
Since the Lie group G acts effectively on M , the representation of
faithful so k acts faithfully on p.
Denote by X * the vector field on M which is the image under π * of the right invariant vector field on G, i.e.
where Z p denotes the component in p of Z ∈ g relatively to the decomposition g = p ⊕ k and where [ , ] is the bracket in g.
Since any G-invariant tensor on M is parallel, the curvature tensor of (M, ∇) is parallel (∇R = 0) and if X, Y, Z belong to p, one has,
Definition 4 A symmetric symplectic triple is a triple (g, σ, Ω) where g is a finite dimensional real Lie algebra, σ is an involutive automorphism of g such that if we write
• the action of k on p is faithful and where Ω is a non degenerate skewsymmetric 2-form on p, invariant by k under the adjoint action.
We have seen above that to any connected symmetric symplectic manifold (M, ω, s), when one chooses a base point o ∈ M , one associates a symmetric symplectic triple (g, σ, Ω)
with g the Lie algebra of its transvection group, with σ the differential at the identity of the conjugation by the symmetry s o and with Ω = ω o with the identification between T o M and p.
Reciprocally, given a symmetric symplectic triple (g, σ, Ω), one builds a simply-connected symmetric symplectic space (M, ω, s) with M = G/K where G is the simply-connected Lie group with Lie algebra g and K is its connected subgroup with Lie algebra k, with ω the G-invariant 2-form on M whose value at eK is given by Ω (identifying T eK M and p via the differential of the canonical projection π: G → G/K) and with symmetries defined by
where σ is the automorphism of G whose differential at e is σ.
Proof of Theorem 2
Consider a symmetric symplectic space (M, ω, s) and assume that its canonical invariant symplectic connection ∇ has a curvature with W = 0.
Since ∇R = 0, the Ricci tensor r and its associated endomorphism A (where r(X, Y ) = ω(X, AY )) are covariantly constant and hence A commutes with the curvature endomor-
This implies, when we substitute R by its expression in terms of A into equation (3)
If Y = 0 is arbitrary, Z = Y , and we pick X so that ω(X,
Substituting back into the equation
shows that λ Y = λ is independent of Y , and since A is covariant constant, λ must be constant.
Remark that if λ = 0 then r is a non-degenerate parallel symmetric bilinear form so ∇ is its Levi-Civita connection and (M, r, s) is a pseudo-Riemannian symmetric space.
Let G be the transvection group of our symmetric symplectic space. Choose a base point o ∈ M and let (g, σ, Ω) be the symmetric triple associated to (M, ω, s). Let g = k + p be the decomposition of the Lie algebra of G into the +1 and −1 eigenspaces of σ. Then Ω(X, Y ) =
and with a slight abuse of notations we denote by R the map R: p×p → End(p) so
. Since k acts faithfully on p, we view k as a subset of End(p); by formula (9),
and the brackets on g ⊂ p ⊕ End(p) are
where C, D ∈ k ⊂ End(p), and X, Y ∈ p.
Define the 1-form on p corresponding to a vector X ∈ p by X = i(X)Ω. Formula (3) giving the curvature when W = 0 is equivalent to
where k = 1/(m + 2) if m = dim M = 2n. Note that, for a symplectic symmetric space built from a Lie algebra g = k + p whose bracket of p into k is given by this formula, then the canonical connection will have curvature given by this formula and hence W will vanish. 
Conversely, if λ = 0, given C commuting with A and such that Ω(X, CY ) = −Ω(CX, Y ),
we have identified p with V ⊕ V * with its standard symplectic structure Ω(X + ξ, X ′ + ξ ′ ) = − X, ξ ′ + X ′ , ξ , and A acts as +a on V , −a on V * . With this notation the curvature has the form
The symplectic centraliser of A can then be identified with End(V ) = gl(V ), identifying the element in End(p) = End(V ⊕ V * ) given by
with the element C ∈ gl(V ).
So k = gl(V ) and as a vector space g = gl(V ) ⊕ V ⊕ V * with the brackets
has the brackets above provided s 2 = 2ka.
and, writing (X, ξ) for 0 X ξ 0 , the symplectic form is given by
The curvature of the canonical connection on this symplectic symmetric space at the base point eK is
A(x, ξ) = (n + 1)(x, −ξ) and formula (3) holds so R is of Ricci-type.
Case λ < 0
We write λ = −b 2 where b < 0. If we put J = b −1 A then J defines a complex structure on the vector space p. We write V for p viewed as an n-dimensional complex vector space. V has a (pseudo-)Hermitean structure given by
which is C-linear in the second variable. The infinitesimally symplectic transformations which commute with A, or equivalently J, are the complex linear transformations of V which are skew-Hermitean with respect to this Hermitean structure. Thus k is the (pseudo-)
unitary Lie algebra u(V, , ).
The curvature has the form
and g can be identified with su(V ⊕ C, , ) via
The curvature of the canonical connection on this symmetric symplectic space at eK is
and formula (3) holds so R is of Ricci-type.
Case λ = 0
In this case A is nilpotent since A 2 = 0. Let Z = Image A and Z = Ker A. Then Z ⊂ Z, and Z and Z are symplectic orthogonals of each other. If V denotes a complement for Z in Z, then the restriction of Ω to V is non-degenerate. Z is contained in the Ω-orthogonal of V ; let Z ′ be a complement so that V ⊥ = Z ⊕ Z ′ . V ⊥ is a symplectic subspace and Z is maximal isotropic so we can also suppose that Z ′ is maximal isotropic. Ω gives a duality of Z with Z ′ .
In other words, we have written p as Z ⊕ Z * ⊕ V where Z ⊕ Z * has its standard symplectic structure and V is a symplectic vector space. A is non-zero only on Z * and maps it isomorphically onto Z, and as such it is symmetric. In block form, the symplectic structure 
The matrices with K = 0 form an ideal which is 2-step nilpotent (abelian when Rank A = n = 1 2 dim M ) and the matrices with L = M = 0 a subalgebra isomorphic to so(p, q), where p + q = r = Rank A, p the number of +'s and q the number of −'s in A ′ (hence (p, q) is the signature of the non degenerate symmetric bilinear form naturally induced on p/ Ker A by the Ricci tensor Ω(X, AY )).
The bracket of p into k is given, using formulas (11) and (3) 
Mat(2n − 2r × r, R), u ∈ Z = R r , v ∈ Z * , w ∈ W = R 2n−2r }. The brackets are given, with obvious notations, by
where
whereL is defined as above.
We can combine so(p, q) with Z * to give so(p, q + 1) via
The subset r = {(0, L, M, u, 0, w) ∈ g} is a 2-step nilpotent ideal of g (abelian when r = n i.e. when the rank of the Ricci tensor is half the dimension of the manifold). Hence, when p + q = r > 1, r is the radical of g and the semisimple Levi factor of g is isomorphic to so(p, q + 1).
